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A NOTE ON TORSION LENGTH
MAURICE CHIODO, RISHI VYAS
Abstract. We construct a 2-generator recursively presented group with
infinite torsion length. We also explore the construction in the context of
solvable and word-hyperbolic groups.
What should the ‘torsion’ subgroup of an arbitrary group be? The set of
torsion elements does not work: it is not necessarily a subgroup. Attempting
to consider the subgroup generated by the set of torsion elements as the ‘tor-
sion’ subgroup of a group is also unsatisfactory; the quotient of a group by
this subgroup need not be torsion-free, as shown in proposition 3.1. We can,
however, iterate this procedure: letting Tor1(G) be the subgroup generated by
the torsion elements of a group G, we inductively define Torn+1(G)/Torn(G) =
Tor1(G/Torn(G)), and form the union Torω(G) = ⋃n∈NTorn(G). The sub-
group Torω(G) is a viable candidate for the ‘torsion’ subgroup of a group. The
structure of Torω(G) as a countable union of subgroups allows us to attach
an invariant to any group G, which we call the torsion length of G (defini-
tion 2.5) and denote by TorLen(G): this is the minimum ordinal n such that
Torn(G) = Torω(G). All of this is described in greater detail in §2.
In §2.2, we study embeddings. There is a well-known, uniform process for
embedding a countable group into a 2-generator group. We describe this process
(lemma 2.12) and verify that it does not change torsion length (theorem 2.17).
In §3, we begin by constructing finitely presented groups with arbitrary finite
torsion length. More precisely, we prove the following result (writing P to
denote the group presented by a presentation P ):
Theorem 3.3. There is a family of finite presentations {Pn}n∈N such that:
1. Pn+1/Tor1(P n+1) ≅ Pn,
2. TorLen(Pn) = n.
We apply a result of Kharlampovich and Myasnikov ([4, Corollary 2]) to show
that the groups presented by the examples constructed in theorem 3.3 are word
hyperbolic (proposition 3.5).
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The group-theoretic construction of the Pn also appears in Cirio et. al. [2,
Example 5.16]. Moreover, Leary and Nucinkis [5, §5 Corollary 7] give an alter-
native group-theoretic construction, which we describe in theorem 3.6.
We then use these constructions along with results from §2 to prove our main
result:
Theorem 3.10. There exists a 2-generator recursive presentation Q for which
TorLen(Q) = ω.
Are there finitely presented groups of infinite torsion length? We do not
know, but consider this an interesting question for future research.
Every nilpotent group has torsion length at most 1 ([6, 5.2.7]). In §3.3, we
show that this is not necessarily the case for polycyclic groups:
Corollary 3.13. There exists a finitely presented polycyclic group of torsion
length 2.
Unfortunately, we have been unable to construct finitely generated solvable
groups of torsion length greater than two. One can also ask if there exist finitely
generated solvable groups of infinite torsion length.
Acknowledgements. We would like to thank Claudia Pinzari for her interest
in our work, Jack Button and Andrew Glass for their comments and suggestions,
and Ian Leary for his thoughtful conversations.
1. Preliminaries
1.1. Notation. If P is a group presentation, we denote by P the group pre-
sented by P . A presentation P = ⟨X ∣R⟩ is said to be a recursive presentation if
X is a finite set and R is a recursive enumeration of relations; P is said to be a
countably generated recursive presentation if instead X is a recursive enumer-
ation of generators. A group G is said to be finitely (respectively, recursively)
presentable if G ≅ P for some finite (respectively, recursive) presentation P . If
P,Q are group presentations then we denote their free product presentation by
P ∗Q: this is given by taking the disjoint union of their generators and relations.
If g1, . . . , gn are elements of a group G, we write ⟨g1, . . . , gn⟩ for the subgroup
in G generated by these elements and ⟪g1, . . . , gn⟫G for the normal closure of
these elements in G. Let ω denote the smallest infinite ordinal. Let o(g) denote
the order of a group element g; recall that g ∈ G is torsion if 1 ≤ o(g) < ω. Write
Tor(G) ∶= {g ∈ G ∣ g is torsion}. Let ∣X ∣ denote the cardinality of a set X. If X
is a set, let X−1 be a set of the same cardinality as and disjoint from X along
with a fixed bijection ∗−1 ∶ X → X−1. Write X∗ for the set of finite words on
X ∪X−1.
1.2. Preliminary facts in group theory. We now collect a few lemmas that
we will need later in this paper. They all must be well known, but we have
been unable to find suitable references.
Lemma 1.1. Let G1 and G2 be non-trivial groups, and suppose ∣G1∣ > 2. Then,
G1 ∗G2 contains a non-abelian free subgroup.
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Proof. Since ∣G1∣ > 2, there exist y and z such that yz ≠ e. Let x be a non
trivial element of G2. The reader will easily check that the elements yxz and
xyxzx freely generate a free subgroup in G1 ∗G2. 
Lemma 1.2. C2 ∗C2 is polycyclic.
Proof. Let the two copies of C2 be generated by x and y respectively. Then,
since xxyx = yx and yxyy = yx, it follows that the cyclic subgroup generated
by xy is normal. It is also easy to see that C2 ∗C2/⟨xy⟩ ≅ C2. Thus C2 ∗C2 is
polycyclic. 
Definition 1.3 ([4]). A subgroup H of a group G is said to be conjugate
separated if for any x ∈ G ∖H we have that H ∩ xHx−1 is finite.
Lemma 1.4. Let A and B be groups, and suppose e ≠ a ∈ A and e ≠ b ∈ B, with
either o(a) ≠ 2 or o(b) ≠ 2. Then for any x ∈ A∗B ∖⟨ab⟩, ⟨ab⟩∩x⟨ab⟩x−1 = {e}.
Hence ⟨ab⟩ is conjugate separated in A ∗B. Moreover, if o(a) = o(b) = 2, then
the subgroup ⟨ab⟩ is not conjugate separated.
Proof. Without loss of generality we may take o(b) ≠ 2. Suppose that ⟨ab⟩ is
not conjugate separated in A ∗B. Then, there exists an x ∈ A ∗B ∖ ⟨ab⟩, and
i, j ∈ Z ∖ {0} such that x(ab)ix−1 = (ab)j . We can assume that the underlying
word of x is reduced. We will induct on the length of x as a reduced word.
Let us first assume that i > 0. It follows that there must exist x′ ∈ A ∗B such
that either x = x′a−1, or x = x′b. This is true because any other eventuality
would lead to x(ab)ix−1 having a reduced underlying word which begins and
ends with a letter from the same group, and an element with such a word clearly
cannot belong to ⟨ab⟩. Since o(b) ≠ 2, ⟨ab⟩∩ ⟨ba⟩ = {e}. It follows that x′ ≠ e, as
a−1⟨ab⟩a = b⟨ab⟩b−1 = ⟨ba⟩. We therefore have that x′(ba)ix′−1 = (ab)j . Assume
that x = x′a−1, then by reasoning as we did the previous paragraph, we see
that x′ = x′′b−1 (the other option, where x′ = x′′a, cannot happen as that would
them imply that x was not reduced.) It follows that x = x′′b−1a−1. Assuming
that x = x′b, a similar line of reasoning allows us to reach the conclusion that
x = x′′ab, for some element x′′. In either case, we have that x′′⟨ab⟩ix′′−1 = (ab)j .
Applying our induction hypothesis, we see that x′′ ∈ ⟨ab⟩. Thus x ∈ ⟨ab⟩. The
case where i < 0 is analogous.
Finally, if o(a) = o(b) = 2, then aaba = babb = ba = (ab)−1. 
2. Torsion
2.1. Introduction to torsion length.
Definition 2.1. Given a group G, we inductively define Torn(G) as follows:
Tor0(G) ∶= {e},
Torn+1(G) ∶= ⟪ {g ∈ G ∣ gTorn(G) ∈ Tor (G/Torn(G))} ⟫G,
Torω(G) ∶= ⋃
n∈N
Torn(G).
Definition 2.1 first appeared in [1]. The following lemma also appears as [1,
Proposition 4.9].
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Lemma 2.2. G/Torω(G) is torsion-free. Moreover, if f ∶ G → H is a group
homomorphism from G to a torsion-free group H, then Torω(G) ≤ ker(f).
Proof. If xn ∈ Torω(G) for some n > 0, then there exists m ∈ N such that
xn ∈ Torm(G). It follows that x ∈ Torm+1(G), and thus that x ∈ Torω(G). Thus
G/Torω(G) is torsion-free.
If f ∶ G → H is a group homomorphism from G to a torsion-free group H, it
follows that Tor(G) ≤ ker(f), and thus that Tor1(G) ≤ ker(f). Then, f factors
through G/Tor1(G). By induction, we see that Torn(G) ≤ ker(f) for all n, and
thus that Torω(G) ≤ ker(f). 
The following lemma records some facts that will be used later. We leave the
proof as an exercise.
Lemma 2.3. Let G be a group, with H ⩽ G. Let i, j ∈ N.
a.) Tori+1(G) = ⟨ {g ∈ G ∣ gTori(G) ∈ Tor (G/Tori(G))} ⟩.
b.) Tori+1(G) = ⟨ {g ∈ G ∣ gn ∈ Tori(G) for some n > 0} ⟩.
c.) Tori+1(G)/Tori(G) = Tor1 (G/Tori(G)) as subgroups of G/Tori(G).
d.) (G/Tori(G))/Torj (G/Tori(G)) ≅ G/Tori+j(G) via the obvious quotient
map.
e.) Tori(H) ⩽ Tori(G).
The following is a standard result from combinatorial group theory.
Lemma 2.4. Let P = ⟨X ∣R⟩ be a recursive presentation. Then the elements of
X∗ which represent elements in the subgroup Tori(P ) are recursively enumer-
able, uniformly in P and in each i ∈ N. Hence the words representing elements
in Torω(P ) are also recursively enumerable.
We make the following definition; the same notion appears in Cirio et. al. [2]
as the Torsion Degree ([2, Definition 5.5]) of a group.
Definition 2.5. We define the Torsion Length ofG, TorLen(G), by the smallest
ordinal n such that Torn(G) = Torω(G).
The following lemma summarizes some basic properties of this invariant.
Again, we omit the proof.
Lemma 2.6.
a.) If G is a non-trivial torsion group (i.e. Tor(G) = G), then TorLen(G) = 1.
b.) If n ≤ TorLen(G), then TorLen (G/Torn(G)) = TorLen(G) − n, with the
convention ω − n = ω and ω − ω = 0.
c.) TorLen(G) is the smallest ordinal n for which G/Torn(G) is torsion-free.
The following result describes the behavior of torsion in amalgamated prod-
ucts.
Theorem 2.7 ([7, Theorem 11.69]). Let g ∈ Tor(G). Then:
1. If G = K1 ∗H K2 is an amalgamated product, then g is conjugate to an
element of K1 or K2.
2. If G = K∗H is an HNN extension, then g is conjugate to an element in the
base group K.
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If {Ai}i∈I is a family of groups, write ∗i∈IAi for the free product of all the
Ai.
Corollary 2.8. Suppose g ∈ Tor(∗i∈IAi), where I is any index set. Then g is
conjugate to an element in one of the Ai’s.
Corollary 2.9. Let A,B be groups, and H a group which embeds into both
A and B. Then Tor1(A ∗H B) = ⟪Tor(A) ∪Tor(B)⟫A∗HB (where Tor(A) and
Tor(B) are viewed as subsets of A,B respectively, and hence as subsets of A∗HB
under the natural embeddings).
We can extend the above proposition, if we restrict ourselves to free products
without amalgamation.
Proposition 2.10. Let {Ai}i∈I be a family of groups. Then, for all ordinals
j ≤ ω, Torj(∗i∈IAi) = ⟪∪i∈I Torj(Ai)⟫∗i∈IAi, and the natural map
∗i∈I(Ai/Torj(Ai)) → (∗i∈IAi)/Torj(∗i∈IAi)
is an isomorphism.
Proof. Set F ∶= ∗i∈IAi. The fact that Tor1(F ) = ⟪∪i∈I Tor1(Ai)⟫F follows im-
mediately from corollary 2.8. Using this, it follows easily that the natural map
∗i∈I(Ai/Tor1(Ai))→ (F /Tor1(F ))
is an isomorphism. Using lemma 2.3, and induction, we see that Torj(F ) =
⟪∪i∈I Torj(Ai)⟫F for all j ∈ N. The statement for Torω now follows by taking
unions. The fact that the natural map
∗i∈I(Ai/Torj(Ai))→ (F /Torj(F ))
is an isomorphism is an immediate consequence. 
Corollary 2.11. Let {Ai}i∈I be a family of groups. Then
TorLen(∗i∈IAi) = sup{TorLen(Ai)}i∈I .
2.2. Embeddings. The following result is well-known (see, for example, [7,
Corollary 11.72]).
Lemma 2.12. There is a uniform procedure that, on input of any countably
generated recursive presentation P = ⟨X ∣R⟩, outputs a 2-generator recursive
presentation fg(P ) such that P embeds in fg(P ). Moreover, when P is a finite
presentation, fg(P ) is a finite presentation.
Proof. Fix an enumeration x1, x2, . . . of all letters in X. Let P1 ∶= ⟨a, b∣−⟩ be
a presentation for the free group F2. Consider the following two subgroups of
P ∗P 1:
A ∶= ⟨a,x1b−1ab,x2b−2ab2, . . . , xib−iabi, . . .⟩
and
B ∶= ⟨b, a−1ba, . . . , a−ibai, . . .⟩,
where in each case i ranges over all values for which xi ∈X.
Note that the sets {a−ibai}i∈N and {b−iabi}i∈N freely generate copies of Fω in
P 1. Thus, by the normal form theorem for free products, {xib−iabi}i∈N freely
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generates a copy of Fω in P ∗ P 1. Thus A and B are isomorphic, and such
an isomorphism can be given by the extension φ of the set map φ(a) ∶= b,
φ(xib−iabi) ∶= a−ibai for all i where xi ∈ X. We now form the HNN exten-
sion P∗
φ
of P , conjugating A to B. This can be realised via the following
presentation:
Q ∶= ⟨X,a, b, t∣R, t−1at = b, t−1xib−iabit = a−ibai ∀i with xi ∈ X⟩.
It is not hard to see that Q is generated by a and t. Removing X and b from the
generating set of Q, and making the relevant substitutions in the relating set
of Q gives us our desired 2-generator recursive presentation, which we denote
by fg(P ); by construction it is then clear that P embeds in fg(P ). Finally, if P
is a finite presentation, then Q will be a finite presentation, and hence so will
fg(P ). 
Lemma 2.13. Let P = ⟨X ∣R⟩ be a countably generated recursive presentation.
Let S be a recursive enumeration of a subset of X∗. Then fg(⟨X ∣R ∪ S⟩) is the
presentation fg(⟨X ∣R⟩) with S adjoined to its relating set.
Proof. The construction of fg(⟨X ∣R⟩) is completely uniform in the relating set
R. Thus we can add relations either before or after the amalgamation step, and
it does not change the final presentation. 
Of course, in the above result we need to be careful about the notion of the
union of two recursive enumerations of elements, as a recursive enumeration.
Corollary 2.14. Let P = ⟨X ∣R⟩ be a countably generated recursive presenta-
tion. Let S be a recursive enumeration of a subset of X∗. Then
fg(⟨X ∣R ∪ S⟩) ≅ fg(P )/⟪S⟫fg(P ).
Corollary 2.15. Let P = ⟨X ∣R⟩ be a countably generated recursive presenta-
tion. Take an enumeration Ti of all elements of X
∗ representing elements of
Tori(P ) (lemma 2.4). Then
fg(⟨X ∣R ∪ Ti⟩) ≅ fg(P )/Tori(fg(P )).
Lemma 2.16. Let P be a countably generated recursive presentation. Then
Tor1(fg(P )) = ⟪Tor(P )⟫fg(P ).
Proof. By theorem 2.7, every torsion element in fg(P ) is conjugate to a torsion
element in P . 
Theorem 2.17. Let P be a countably generated recursive presentation (re-
spectively, finite presentation). Then we can construct a 2-generator recursive
presentation (respectively, finite presentation) fg(P ) as given in lemma 2.12,
uniformly in P , such that P embeds in fg(P ), and TorLen(fg(P )) = TorLen(P ).
Proof. The first part of the theorem is proved in lemma 2.12. All that remains
to be shown is that TorLen(fg(P )) = TorLen(P ). By corollary 2.15, for any
i ≤ ω, we have that fg(⟨X ∣R ∪ Ti⟩) ≅ fg(P )/Tori(fg(P )) (where Ti is an enu-
meration of all words in X∗ representing elements in Tori(P ), via lemma 2.4).
By lemma 2.16, fg(⟨X ∣R ∪ Ti⟩) is torsion-free if and only if ⟨X ∣R ∪ Ti⟩ is. Since
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P /Tori(P ) ≅ ⟨X ∣R ∪ Ti⟩, we get that fg(P )/Tori(fg(P )) is torsion-free if and
only if P /Tori(P ) is. The result now follows, using lemma 2.6. 
3. Constructions
3.1. Groups of arbitrary finite torsion length.
Proposition 3.1 ([1, Proposition 4.10]). Given any j, k, l > 1, we can define
the finite presentation
Pj,k,l ∶= ⟨x, y, z∣xj = e, yk = e, xy = zl⟩.
Then P j,k,l/⟪Tor(P j,k,l)⟫P j,k,l ≅ Cl and TorLen(P j,k,l) = 2.
Proof. As the value of the subscripts on Pj,k,l is irrelevant for this argument, we
suppress them. It is clear from the presentation P that P ≅ (Cj ∗Ck) ∗⟨xy⟩=⟨zl⟩
Z; the amalgamated product of Cj ∗ Ck and Z over infinite cyclic subgroups.
By corollary 2.9, Tor1(P ) = ⟪Tor(Cj ∗ Ck)⟫P . Moreover, x, y ∈ Tor(P ), and
so Tor1(P ) = ⟪Cj ∗ Ck⟫P . It follows that P /Tor1(P ) has presentation Q ∶=
⟨x, y, z∣xj = e, yk = e, xy = zl, x = e, y = e⟩, thus Q ≅ Cl and TorLen(P ) = 2. 
Definition 3.2. Let {0,1}n denote the set of binary strings of length precisely
n, where we define {0,1}0 ∶= {∅}. If η ∈ {0,1}n, then we write η0 (respectively,
η1) for the binary string of length n + 1, given by appending 0 (respectively,
1) to the rightmost end of η. Moreover, if η ∈ {0,1}n, then we write η′ for the
binary string of length n − 1 given by removing the rightmost digit from η.
We thank Claudia Pinzari; her questions led us to the following generalisation
of proposition 3.1.
Theorem 3.3. There is a family of finite presentations {Pn}n∈N of groups
satisfying TorLen(Pn) = n and Pn/Tor1(Pn) ≅ Pn−1. Explicitly, these are:
Pn ∶= ⟨ xη ∀η ∈
n−1
⋃
i=0
{0,1}i ∣ x3η = e ∀η ∈ {0,1}
n−1, xη0xη1 = x3η ∀η ∈
n−2
⋃
i=0
{0,1}i ⟩,
which have 2n − 1 generators, and 2n − 1 relations.
Proof. Note that P0 ∶= ⟨−∣−⟩ and P1 ∶= ⟨x∅∣x3∅ = e⟩. We have two copies of
Pn sitting in Pn+1, identifying xη in Pn with xη0 and xη1 respectively. Letting
r = x0, s = x1, and t = x∅, it can then be seen that Pn+1 ≅ (P n∗P n)∗⟨rs⟩=⟨t3⟩(Z).
In proposition 3.1 we showed that P 2/Tor1(P 2) ≅ P 1. Now suppose P j/Tor1(P j)
≅ P j−1 for all j ≤ n. Writing Pn+1 ≅ (Pn ∗ Pn) ∗⟨rs⟩=⟨t3⟩ (Z), we see (by
two applications of corollary 2.9) that Tor1(Pn+1) = ⟪Tor(Pn ∗ Pn)⟫Pn+1 =
⟪Tor(Pn)∪Tor(P n)⟫Pn+1 (the notation here is unfortunate; Tor(Pn)∪Tor(P n)
denotes the union of the torsion elements of the two individual factors of
Pn ∗ Pn). Since n ≥ 1, r and s remain non-trivial in their respective factors of
Pn/Tor1(Pn) and ⟨rs⟩ is still infinite cyclic, so the amalgamation is unaffected.
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By the inductive hypothesis, Pn/Tor1(P n) ≅ Pn−1, so we have
Pn+1/Tor1(P n+1) = (Pn ∗ Pn) ∗⟨rs⟩=⟨t3⟩ (Z)/⟪Tor(Pn) ∪Tor(P n)⟫
Pn+1
≅ ((Pn/Tor1(P n)) ∗ (Pn/Tor1(P n))) ∗⟨rs⟩=⟨t3⟩ (Z)
≅ (Pn−1 ∗Pn−1) ∗⟨rs⟩=⟨t3⟩ (Z)
≅ Pn
which completes the inductive step.
Since lemma 2.6 tells us that TorLen(Pn+1) = TorLen(P n) + 1, it follows that
TorLen(Pn) = n. The number of generators and relations is self-evident. 
The recursive definition Pn+1 ∶= (Pn ∗P n)∗⟨rs⟩=⟨t3⟩ (Z) first appeared (as far
as we are aware) in [2, Example 5.16] by Cirio et. al. as a generalisation of
[1, Proposition 4.10]. Our work is independent of that in [2], but given how
natural the extension is, it is unsurprising that the two constructions are the
same.
We now show that Pn is word-hyperbolic for all n; we thank Jack Button for
suggesting that they might be, and further suggesting the use of theorem 3.4.
Theorem 3.4 (Kharlampovich-Myasnikov, [4, Corollary 2]). Let G1,G2 be
word-hyperbolic groups, and A ≤ G1, B ≤ G2 virtually cyclic subgroups. Then
the group G1 ∗A=B G2 is word-hyperbolic if and only if either A is conjugate
separated in G1 or B is conjugate separated in G2.
Proposition 3.5. The groups Pn constructed in theorem 3.3 are word-hyperbolic,
for all n ∈ N. As a consequence, for every n ∈ N, there exists a finitely presented
word-hyperbolic group of torsion length n.
Proof. We proceed by straightforward induction. Firstly, P1 is word-hyperbolic,
as it is finite. Now, Pn+1 ≅ (Pn ∗ Pn) ∗⟨rs⟩=⟨t3⟩ (Z), where the notation is as
in theorem 3.3. As Pn has no elements of order 2 (by theorem 2.7), we see
by lemma 1.4 that ⟨rs⟩ is conjugate separated in Pn ∗ Pn. Since ⟨rs⟩ and ⟨t3⟩
are both cyclic, it follows by theorem 3.4 that Pn+1 is word-hyperbolic. This
completes the induction. 
We now provide another perspective on these matters, using the following
construction of Leary and Nucinkis [5].
Theorem 3.6 ([5, §5 Corollary 7]). Let G be a finitely generated group. Then,
there is a group G˜ and a surjection φ ∶ G˜ → G such that ker(φ) = Tor1(G˜). A
presentation for G˜ can be formed from a presentation for G, with the use of 2
more generators and at most 2 more relations. Thus if G is finitely presented, G˜
can also be made to be finitely presented, and in a uniform algorithmic manner.
Proof. Let ψ ∶ Fk → G be a surjection from a free group (of minimal rank) to
G, with kernel N . So N = ⟪R⟫Fk for some set R ⊂ Fk (which can be taken
finite if G is finitely presented). Hence ⟨R⟩ is a free group. Let r ∶= rank(⟨R⟩)
(r = ω if G is not finitely presented; if G is finitely presented we can effectively
compute r ∶= rank(⟨R⟩) and a free generating set of ⟨R⟩ using Stallings foldings,
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see ([3])). The group C2 ∗C3 ∶= ⟨x, y∣x2, y3⟩ contains an embedded copy of F2,
freely generated by a ∶= yxy and b ∶= xyxyx (lemma 1.1). Thus the subgroup of
C2∗C3 generated by Sω ∶= {b−1ab, . . . , b−nabn, . . .} freely generates an embedded
copy of Fω. Let Sl ∶= {b−1ab, . . . , b−labl}. Now form the free product with
amalgamation
G˜ ∶= Fk ∗φ (C2 ∗C3)
where φ identifies ⟨R⟩ and ⟨Sr⟩. Note that Tor1(G˜) = ⟪x, y⟫G˜, so annihilating
the torsion of G˜ leaves us exactly with G (annihilating C2 ∗C3 means we anni-
hilate Sr, and hence R, and hence the normal closure of R, which is N). It is
easy to see that G˜ can be presented with 2+k generators and 2+r relations. 
Corollary 3.7. There is a sequence of finitely presented groups {Gn}n∈N such
that, for each n, TorLen(Gn) = n and GnTor1 /(Gn) ≅ Gn−1. Moreover, each
Gn has a finite presentation with 2n−1 generators and at most 2n−1 relations.
Proof. Set G1 ∶= C2 with finite presentation ⟨z∣z2⟩, and inductively define
Gn+1 ∶= G˜n for each n > 1. The result then follows from theorem 3.6 and
its proof. 
It is unclear whether these groups are word-hyperbolic.
Question. Is there some finite bound k such that, for each n ∈ N, there is a
finite presentation with at most k generators and k relations of a group with
torsion length n?
3.2. A 2-generator group with infinite torsion length.
Lemma 3.8. Take the finite presentations P0, P1, . . . from theorem 3.3. Form
their free product presentation P ∶= P0 ∗ P1 ∗ . . .. Then
P /Tor1(P ) ≅ P .
Proof. Using proposition 2.10 and theorem 3.3 we get that
P /Tor1(P ) = (P 1 ∗P 2 ∗ . . .)/Tor1(P 1 ∗P 2 ∗ . . .)
≅ (P 1/Tor1(P1)) ∗ (P 2/Tor1(P2)) ∗ . . .
≅ {e} ∗ P 1 ∗ P 2 ∗ . . .
≅ P . 
Corollary 3.9. With P as above, TorLen(P ) = ω.
Theorem 3.10. There exists a 2-generator recursive presentation Q for which
TorLen(Q) = ω.
Proof. Take the countably generated recursive presentation P from lemma
3.8, for which TorLen(P ) = ω by corollary 3.9. But theorem 2.17 gives that
TorLen(fg(P )) = TorLen(P ) (= ω). So taking Q ∶= fg(P ) gives a 2-generator
recursive presentation of a group Q with TorLen(Q) = ω. 
Question. Does there exist a finitely presented group of infinite torsion length?
More ambitiously, is there a finitely presented (or even finitely generated)
group G with torsion for which G/Tor1(G) ≅ G?
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3.3. Torsion length for solvable groups.
Proposition 3.11. Let G be a group for which Tor(G) forms a subgroup. Then
TorLen(G) ≤ 1.
Proof. Since Tor(G) is a subgroup, it is immediate that Tor(G) = Tor1(G) (by
lemma 2.3). Suppose xTor1(G) is a torsion element of G/Tor1(G). Then,
there exists an n such that xn ∈ Tor1(G). However, since Tor1(G) = Tor(G), it
follows that there exists an m such that xmn = e. Thus x is torsion in G, and
we have that G/Tor1(G) is torsion-free. Thus TorLen(G) ≤ 1. 
The set of torsion elements in a nilpotent group form a subgroup ([6, 5.2.7]).
Recall the family of presentations Pj,k,l constructed in proposition 3.1.
Proposition 3.12. The group P j,k,l is solvable if and only if j = k = l = 2.
Moreover, P 2,2,2 is polycyclic.
Proof. Since Cj ∗Ck embeds into P j,k,l, it follows from lemma 1.1 that P j,k,l is
not solvable if either j or k is not 2. Suppose j = k = 2. Then, it is not hard to
see that P 2,2,l surjects onto C2 ∗Cl (to see this, introduce the relation zl = e in
to the presentation P2,2,l). Again, lemma 1.1 tells us that l must be 2 if P 2,2,l
were to be solvable.
We now show P 2,2,2 is polycyclic. It follows from the presentation P2,2,2 that
the subgroup generated by z2 is normal. Quotienting out by this subgroup, we
get C2 ∗C2, which is polycyclic by lemma 1.2. Thus P 2,2,2 is polycyclic. 
Corollary 3.13. There exists a polycyclic group of torsion length 2.
While we suspect there exist solvable groups of arbitrary finite torsion length,
we have been unable to construct them.
Question. Is there a finitely generated solvable group of infinite torsion length?
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